At the scale of a magnetic resonance sounding (MRS) field setup, the earth's magnetic field in the subsurface may vary laterally with depth and over time. These variations can be caused by different natural factors and generally cannot be compensated for by accurate tuning of the measuring device. The varying geomagnetic field (GMF) causes nonresonance conditions of excitation that affect the amplitude and phase of the MRS signal. Usually, variations of the GMF do not exceed a few hertz and their effect on the amplitude is relatively small, permitting us to assume near-resonance conditions for inversion. However, in some cases, the results may be erroneous if a varying GMF is not taken into account. Motivated by possible improvements in MRS inversion, we have developed a procedure for measuring and interpreting MRS data that considers a varying GMF. Our results showed that it is relatively easy to take a time-varying GMF into account. As a demonstration, we have developed the inversion of MRS data measured in Benin (West Africa). A depth-varying GMF is a more complex problem, and to consider this, we have developed an algorithm of nonlinear inversion. We have tested this approach on synthetic data, which resulted in an improved inversion. Field validation of this procedure awaits the discovery of a suitable test site with known variations of the earth's magnetic field in the subsurface.
INTRODUCTION
Magnetic resonance sounding (MRS) measurements are performed in the earth's magnetic field, which acts as a static magnetic field and is usually assumed to be constant for a given area. A constant geomagnetic field (GMF) allows setting a frequency of the excitation pulse close to the resonance frequency of protons in the GMF (Larmor frequency), thus carrying out MRS measurements under near-resonance conditions. In practice, the excitation frequency may be set a few hertz off resonance for creating an offresonance excitation. An offset of a few hertz between the excitation and the Larmor frequencies is commonly considered as being of relatively small importance, and in most cases, the frequency offset is either neglected, or a constant frequency offset is used. These assumptions may be justified for amplitude inversion, but the MRS signal phase is more sensitive to frequency offset. Thus, neglecting the off-resonance excitation is less easily justified for the inversion of complex signals that require accurate measuring and forward modeling of the MRS response (Legchenko, 2004; Walbrecker et al., 2011) .
Meanwhile, it was reported that inversion of complex signals could help in the interpretation of MRS data: The inversion of complex signals for water content provides a better resolution (Weichman et al., 2002; Braun et al., 2005) and can give better results in the inversion for resistivity distribution (Braun and Yaramanci, 2008) . Accurate tuning of the MRS system to the Larmor frequency is not always possible because GMF values are not always constant. Depending on the magnetic properties of surrounding rocks, the GMF may be perturbed locally at the pore-size scale (Roy et al., 2008) , or it can gradually change its intensity laterally and with depth (Legchenko et al., 2010) . The earth's magnetic field may also vary during measuring time (Vouillamoz et al., 2008) . GMF variations modify the Larmor frequency, creating off-resonance excitation conditions, and thus affecting magnetic resonance signals (Legchenko et al., 1997; Legchenko, 2004; Hertrich, 2008) .
Motivated by possible improvements of MRS inversion, we developed and successfully tested on synthetic and real data, a procedure of measuring and interpretation of MRS data that takes into account time and depth variations of the earth's magnetic field. In this paper, we report the results of our study.
BACKGROUND
An MRS field setup consists of a wire loop on the surface energized by an alternating-current pulse iðtÞ ¼ I 0 cosðωtÞ. The current frequency ω is set close to the Larmor frequency of the protons ω 0 in the earth's magnetic field B 0 . Thus
where γ is the gyromagnetic ratio. Under exact resonance, the frequency offset between the Larmor frequency and the excitation frequency is equal to zero
but in practice, GMF may vary, thus creating a frequency offset
For computing the MRS signal, we assume one coincident transmitting/receiving loop (T x ∕R x ). Performing free induction decay measurements with one current pulse (FID1), the received signal decaying with the relaxation time T Ã 2 can be computed as eðq; tÞ ¼ I
ðrÞ × e jω 0 t dV;
where wðrÞ is the water-content distribution. The component of the loop magnetic field perpendicular to the earth's magnetic field B 1 causes rotation of the magnetic moments of protons at the flip angle θ, which depends on the pulse moment q ¼ I 0 τ, with I 0 and τ being the amplitude and duration of the pulse, respectively; φ Tx 0 is the phase shift caused by electrically conductive subsurface ρðrÞ and φ Δω is the phase shift caused by the off-resonance conditions of excitation (Legchenko, 2004) ; M ⊥ is the transverse component of the nuclear magnetization computed after Mansfield et al. (1979) :
where 8 > > < > > :
In equation 5, M 0 is the macroscopic spin magnetization, ω 2 eff ¼ ω 2 1 þ Δω 2 , and ω 1 ¼ 0.5γB 1 . The M x component corresponds to the imaginary part of the MRS signal and M y to its real part. If Δω ¼ 0, then M x ¼ 0 and the signal is real. Otherwise it is complex.
In integral equation 3, eðq; tÞ is a set of experimental data and the unknown functions of interest are: water content wðrÞ, electrical resistivity of the subsurface ρðrÞ, the Larmor frequency ω 0 ðrÞ closely related to the earth's magnetic field, and relaxation time T Ã 2 ðrÞ.
FORWARD MODELING Legchenko and Valla (2002) show that the amplitude of the MRS signal is a square function of the earth's magnetic field (in equation 1, ω 0 and M 0 are proportional to B 0 ). Let us estimate the influence of GMF magnitude on the signal amplitude. Considering a 10 Hz increase in GMF relative to the Larmor frequency of 2000 Hz, we obtain an approximately 1% higher signal of 2010 Hz, which can be ignored in practice. However, under off-resonance excitation, the MRS signal becomes complex and GMF variations have a larger effect on the MRS signal. For modeling, we use equations 1 and 5 and assume a 100 × 100 m square loop, 100 ohm-m half-space, water content w ¼ 20%, and we neglect relaxation. We use the earth's magnetic field typical for Europe (inclination of 55°N and a Larmor frequency of 2000 Hz).
First, we demonstrated the influence of off-resonance excitation by applying a constant frequency offset. Figures 1  and 2 show the MRS (a) amplitude and (b) phase computed under near-resonance conditions, and considering AE5 Hz frequency offset. It is seen that the amplitude and phase depend on the frequency offset and that these effects are different for shallow and deep layers. Then, we assumed a varying GMF and used one thick water-saturated layer from 0 to 100 m ðw ¼ 20%Þ. Two cases were studied: (1) the frequency offset varies linearly from 0 to 100 m depth and (2) the frequency offset varies linearly from the first to the last pulse moment, which may correspond to a time-varying GMF (considering ω 0 ðtÞ → ω 0 ðqÞ). The correspondence between ω 0 ðtÞ and ω 0 ðqÞ depends on the measuring sequence used for data acquisition. The simplest way of measuring consists of progressively increasing the pulse moment. In this case, ω 0 ðtÞ and ω 0 ðqÞ are linked through the time needed for the stacking of each pulse moment. Another measuring procedure consists of discharging the storage capacity of the generator by a series of pulses, thus progressively decreasing the current amplitude in the loop for each pulse. Note that, if GMF varies during measuring time, this procedure may cause stacking signals measured with different frequency offsets, thereby introducing additional difficulties for interpretation. In this case, information about a time-varying GMF may be lost. In practice, available MRS instruments allow easy programming of the measuring procedure and one can easily use any other pulse sequence.
When assuming a time-varying GMF, the MRS response eðqÞ is computed using the same Larmor frequency value ω 0 ðqÞ for all depths z j ðq ¼ q i ; i ¼ 1;2; : : : ; IÞ. However, for a depth-varying GMF, the Larmor frequency ω 0 ðzÞ is a function of depth for all pulse moments q i ðz ¼ z j ; j ¼ 1;2; : : : ; JÞ. Figure 5 shows the MRS signal frequency versus pulse moment for the models shown in Figures 3 and 4; these frequencies correspond to the maximum of spectra for each pulse moment. Depending on the origin of the GMF variation and on the water-content distribution, the frequencies may be difficult to resolve even when using an inversion procedure.
It is possible that both effects are present, with GMF varying over time and with depth. This requires carrying out a nonlinear inversion for ω 0 ðzÞ considering a time-varying GMF in the forwardmodeling routine. Such a mixed case can be identified by jointly using different techniques:
1)
A depth-varying GMF can be identified by the existence of a spin-echo (SE) signal, which points to a heterogeneous GMF even when an FID signal is observed (Vouillamoz et al., 2011) .
2)
Surface monitoring of the GMF with a magnetometer, or repetitive measurements of one or two pulse-moment values will allow detecting a time-varying GMF.
The problem may be even more complex, where a lateral variation of the GMF occurs inside measuring loop (vertical magnetic dykes, for example). Such a case may require 3D measuring and inversion procedures. The use of MRS under these complex conditions is beyond the scope of our paper. 
THE INVERSION ALGORITHM
Resolution of equation 3 can be straightforward when using a global nonlinear inversion. However, we found that such an approach requires data with a high signal-to-noise ratio (S/N) and may be computationally difficult. For simplifying, the inversion we did the following:
1) It is shown by Braun and Yaramanci (2008) that the resistivity ρðrÞ can be resolved from inversion of an MRS data set. However, the resistivity can also be measured by one of the welldeveloped geophysical methods that provide better resolution than MRS inversion (Vouillamoz et al., 2002 (Vouillamoz et al., , 2003 Behroozmand et al., 2012) . For example, the uncertainty in the results provided by the time-domain electromagnetic method has a limited influence on MRS inversion for water content . Thus, in equation 3, we assume ρðzÞ to be known from other measurements. 2) Our algorithm is split into two parts: (1) a linear inversion for the water content wðzÞ and (2) a nonlinear inversion for the Larmor frequency ω 0 ðzÞ. Both parts are linked by an iterative procedure presented in Figure 6 . For the linear inversion, equation 3 is approximated by the matrix equation Aw ¼ e, and then resolved using the Tikhonov regularization method (Legchenko and Shushakov, 1998) . For computing matrix A, we use either the measured distribution of the Larmor frequency ω 0 ðqÞ (for time-varying GMF), or the ω 0 ðzÞ value that was iteratively derived from the nonlinear inversion (for depth-varying GMF). Nonlinear inversion uses a nonlinear least-square optimization (Marquardt, 1963) . The water content wðzÞ for the forward model is provided by the linear inversion. When performing an inversion for ω 0 ðzÞ, we assume an average Larmor frequency value for each value of the pulse moment, thus transforming the recorded time series into an ω 0 ðqÞ data set using the Fourier transform. Spectra of MRS signals can be rather complex. Signals with close frequencies, as well as with short relaxation times cause broadening MRS spectra, thus creating equivalence between frequency and relaxation time. In this paper, we do not consider an easy case of well-separated Larmor frequencies of long signals (frequency offset absðΔωÞ > 5∕2π Hz and T Ã 2 > 200 ms). Accurate resolution of these frequencies is not easy and requires a high S/N. However, MRS inversion is relatively insensitive to small variations of the Larmor frequency and, for simplifying our algorithm, we used only the maximum of the MRS spectra for frequency estimates of each pulse moment. The inversion algorithm is the same for a depth-varying and a time-varying GMF. However, although for depth-varying GMF, the frequency variation ω 0 ðzÞ is derived from a nonlinear inversion, in the time-varying GMF, ω 0 ðqÞ is directly provided by frequency measurements. This allows skipping the nonlinear inversion procedure, using ω 0 ðqÞ AE ε ω for better adjustment of the phase fit. Inversion stops when the residual between experimental and measured data, computed with individual weights for frequency, amplitude, and phase (P ω , P e , and P φ ), becomes smaller than the noise level. To avoid infinite loops when the noise estimates are too optimistic and corresponding accuracy cannot be attained, the inversion procedure is further limited by a maximum number of iterations. 3) Inversion is carried out using complex MRS signals (amplitude and phase). The noise level is estimated for real and imaginary parts (and thus for the amplitude), using records obtained before the pulse. The weights are set as an inverse of the noise standard deviation, from (a) standard deviation of the am- Figure 5 . Frequency of the MRS signal versus pulse moment computed considering models of increasing and decreasing GMFs presented in Figures 3 and 4 , respectively. Figure 6 . Flowchart of the inversion algorithm adapted to a depth-varying GMF.
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plitude (P e ¼ 1∕σ Ne ), and (b) the sum of standard deviations for real and imaginary parts of the signal for the phase (P φ ¼ ð1∕½σ ReðNÞ þ σ ImðNÞ Þ). The frequency weight (P ω ¼ 1∕ε Nω ) is set as an inverse of the measuring uncertainty, which is estimated as the root-mean-square error between the measured frequency of the MRS signal and the second-order polynomial fit of this measured frequency. Inversion routine allows modifying the weights manually, considering the following points:
• Amplitude is the most reliable parameter with the highest weight (a good fit of the amplitude data must always be respected).
• However, when measuring in complex geology (magnetic rocks, very heterogeneous subsurface, etc.), the accuracy of the forward modeling of phase and frequency may be limited. Consequently, their weights can be set smaller than that for the amplitude.
4) Different inversion schemes for the relaxation time T
Ã 2 ðzÞ can be found in the literature Yaramanci, 2002, 2005; Mueller-Petke and Yaramanci, 2010) . We use the time-step-inversion, which consists of series of inversions for water content corresponding to shifted time steps and a following exponential smoothing of the water content w j ðtÞ for each depth z j (Legchenko and Valla, 2002).
Practical implementation of the above-described inversion algorithm did not reveal significant mathematical difficulties and convergence was reasonably rapid. The linear inversion is very fast (a few seconds for 80 iterations), but the nonlinear inversion requires volume integration and hence inversion is longer (30-60 s for each iteration). Thus, inversion time largely depends on the time necessary for computing the matrix A. Faster convergence inversion for the Larmor frequency in depth-varying GMF requires a good S/N and a reasonably good first guess. With our data sets, it was sufficient to compute the matrix A less than 10 times. A large equivalence between time and depth variations of the earth's magnetic field, and thus of the frequency offset, requires knowledge of the cause of the Larmor frequency variations.
EXAMPLES OF APPLICATION Synthetic data set
For demonstration of the nonlinear inversion scheme, we used a synthetic data set computed by assuming one water-saturated layer (w ¼ 20%, T Ã 2 ¼ 200 ms) located between 30 and 60 m (dashed gray line in Figure 7) . The depth-varying GMF creates a frequency offset DF that linearly changes from 0 to 10 Hz in the depth interval between 30 and 60 m. For modeling, we used a 100 × 100 m square loop, a 100 ohm-m half-space, the earth's magnetic field with an inclination of 55°N, and a Larmor frequency of 2000 Hz. A normally distributed synthetic noise with a mean of 10 nV was added to the computed signals.
For inversion of this data set, we present three different approaches:
1) The forward model for inversion is computed using the frequency offset that corresponds to the initial model. Inversion with this "true" frequency offset shows how well these data can be resolved, assuming a correct value of the frequency offset. In Figure 7 , this inverse model is shown by a dashed black line.
2) The forward model for inversion is computed using the frequency offset derived from the nonlinear inversion of the frequency offset. In Figure 7 , this inverse model is shown by a solid black line, demonstrating the efficiency of the newly developed inversion scheme.
3) The forward model for inversion is computed assuming a timevarying frequency offset DFðqÞ that is equal to the frequency offset computed with the initial model with depth-varying frequency offset (conversion is done for DFðzÞ → DFðqÞ). In Figure 7 , this inverse model is shown by a solid gray line. This example is presented for demonstration of the possible errors in the inverse model caused by an erroneous determination of the origin of GMF variations. Figure 7 shows that our inversion scheme allows a correct reconstruction of the depth-varying frequency offset and provides a wðzÞ similar to that obtained with the "true" GMF model, thus confirming the feasibility of the inversion procedure. The synthetic data and inversion fits of Figure 8 suggest that inversion was correct and that all the inverse models in Figure 7 are equivalent. Inversion carried out with an intentionally erroneous origin of GMF variations (time-varying instead of depth-varying DF) provides a less accurate inverse model, thus demonstrating the importance of correct determination of the GMF variations.
In practice, the uncertainty of the frequency forward modeling necessary for inversion is composed of two major parts: measuring inaccuracy (less than AE0.2 Hz for measurements with a high S/N and not more than AE0.5 Hz for a typical MRS sounding) and forward modeling inaccuracy. The latter depends upon the complexity of the subsurface and cannot be easily estimated because the subsurface is not well known at the scale of an MRS loop.
Numerical modeling suggests that a AE1 Hz error does not cause large errors in inversion. For example, Figure 7 shows variations in the inversion results computed for a 10 Hz frequency offset. Thus, a 0.5-1 Hz uncertainty in the frequency-offset estimate may cause Figure 7 . Inversion of a synthetic data set computed assuming the depth-varying frequency offset (initial model, dashed gray line). Inverse models were obtained considering the true frequency offset given by the forward model (dashed black line) and frequency offset provided by the nonlinear inversion (solid black line). For comparison, an inversion made by assuming an intentionally erroneous timevarying frequency offset instead of the depth-varying one, is also presented (solid gray line). The time-varying frequency offset was set such that the variation of the frequency offset DFðqÞ is equal for both cases.
variations in the inversion results that are smaller than the inversion uncertainty caused by the equivalence problem.
Real data set
MRS was used for investigating groundwater resources in Benin, carried out as part of the GRIBA project (EuropeAid program). The subsurface of the investigated site is composed of hard rock (mainly gneiss) that is weathered down to approximately 30 to 35 m. A borehole drilled in the area shows that this weathered part contains an aquifer down to approximately 30 m with a static water level at 5.3 m. The electrical resistivity tomography (ERT) profile and the borehole log ( Figure 9 ) indicate a weathered-rock formation well resolved by ERT due to lower electrical resistivity compared with the underlying hard rock (>600 ohm-m). The MRS station is located in the area corresponding to the distance between 70 and 120 m along the profile. For the MRS survey, we used the NUMIS plus system with a 50 × 50 m square loop (two turns). The Larmor frequency was approximately 1415 Hz. ERT results suggest a four-layer geoelectrical model: 250 ohm-m between 0 and 12 m, 150 ohm-m between 12 and 27 m, 600 ohm-m between 27 and 38 m, and 1000 ohm-m less than 38 m. The earth's magnetic field was monitored with a proton magnetometer on the surface near the MRS loop. The measurements showed particularly pronounced variations in the GMF toward noon. Figure 10a shows examples of the GMF drift observed in 2012 and in 2014. Corresponding measurements of the MRS signal frequency versus pulse moment, carried out with the MRS instrument, are shown in Figure 10b . Figure 10c shows correspondence between the pulse moment and daytime of realization of each pulse, which allows conversion ω 0 ðtÞ → ω 0 ðqÞ. The regularity of measuring with progressively increasing pulse moment was intentionally perturbed for four largest pulses. This perturbation caused the difference in the Larmor frequency for corresponding pulses between that measured with a proton magnetometer and the MRS instrument (Figure 10a and 10b) . These observations confirm that we are dealing with a time-varying earth's magnetic field. To verify additionally possible depth variations in the GMF, we carried out SE experiments. The observed absence of SE corroborates the geology composed of nonmagnetic gneiss. The relaxation times estimated as T Ã 2 ≈ 180 ms and T 1 ≈ 450 ms further suggest a homogeneous GMF. These observations allowed selecting a model with a time-varying frequency offset and shallow-water correction (Legchenko, 2013) . For inversion, we used discretization based on singular values decomposition (SVD) with subsequent Tikhonov regularization. The uncertainty and resolution in the inverse model were computed through the 95% confidence interval and the resolution matrix provided by SVD (Legchenko and Pierrat, 2014) .
Inversion of the complex signals shows that the aquifer was well resolved (Figure 11) , and the MRS inverse model is in a good agreement with the ERT and borehole data. However, if we neglect varying frequency offset and assume nearresonance conditions for inversion, then the phase cannot be correctly computed and inversion has to Figure 8 . Synthetic data set and inversion fit corresponding to the inverse models are shown in Figure 7 . Note that the inverse models computed with the depth-varying frequency offset derived from nonlinear inversion and the frequency offset set in the initial model produce very similar signals that are barely distinguishable in the graphs. Figure 9 . ERT and borehole results in Benin. A weathered gneiss aquifer located between 5.3 and 30 m is clearly delineated on the ERT profile by lower electrical resistivity. AT lower than 30 m, the resistivity is >1000 ohm-m. The MRS loop was located within the ERT profile at a distance between 70 and 120 m and the boreholes at a distance of 178 m. be carried out using only amplitudes for optimization. In this case, we obtain a smaller resolution for deep layers and, consequently, a less accurate inverse model (Figure 11 ). The inverse model shows reasonable results for the shallow part of the subsurface, but less than 30 m, the inversion suggests a water-saturated formation that was not confirmed by ERT and borehole data. Figure 12 shows that the measured amplitude and relaxation time are equally well fitted by both inverse models. However, a better fit of the phase is provided by the inversion of complex signals, considering the frequency offset derived from MRS measurements.
DISCUSSION
We have shown that the equivalence problem requires knowledge of the cause of the Larmor frequency variations (time or depth) and, thus, understanding of the behavior of the earth's magnetic field is an important issue for inversion.
In practice, a time-varying GMF is a rather common case that is easily identified. Derivation of the frequency offset is straightforward from measured signals, and this information can be used for forward modeling. This case was tested with synthetic and real data and can be recommended for users. Note that some imprecision may be caused by a rapidly varying GMF during stacking. To avoid this, one should record the GMF on surface with a magnetometer during the measuring interval and then perform a stacking applying correction for the frequency offset. Usually, the GMF varies rather smoothly, and in fact, we did not use such a correction.
A depth-varying GMF is a more complex case, because different layers produce signals with different frequency offsets requiring more complex forward modeling. Data on variations of the earth's magnetic field in the subsurface are not easily available. For example, measurements with a magnetometer on the surface provide only general ideas about the earth's magnetic field in rocks. Measurements in boreholes are not always available and moreover they are localized around the borehole. The frequency-offset distribution necessary for forward modeling can be obtained through a nonlinear inversion of MRS signals, but a 1D model of the GMF in rocks is not always easy to justify; 3D inversion for the frequency offset requires a more complex measuring setup and a more advanced inversion procedure. However, we have developed and tested a 1D inversion algorithm that allows considering a depth-varying frequency offset. Using synthetic data, we were able to recover the initial model. For experimental verification of this algorithm, however, we faced a serious difficulty in finding a place with a known GMF distribution in the subsurface. Thus, we consider that our approach may be Figure 10 . Observed variations in the GMF in Benin carried out during MRS measurements (converted into frequency): (a) time monitoring of the GMF with a proton magnetometer on the surface, (b) corresponding frequency of the MRS signal versus pulse moment, and (c) pulse moment and corresponding daytime of realization. Figure 11 . MRS results in Benin (18/09/2014). MRS inversion was carried out using a measured time-varying frequency offset corresponding to a time-varying GMF (solid line). For comparison, the same data set was inverted assuming near-resonance conditions (dashed line). The uncertainty corresponding to the inversion with the near-resonance forward model is defined by the regularization and is similar to that for the time-varying GMF.
promising for cases in which the earth's magnetic field in the subsurface shows relatively small variations. In the future, more efforts should be made for testing and rendering such processing more sophisticated.
Awaiting further developments, we thus propose a practical procedure for measuring and interpreting MRS data in a varying GMF (Figure 13 ).
CONCLUSION
We have shown that inversion of MRS data can be improved by taking into account variations of the earth's magnetic field (GMF). The GMF may vary over time and with depth, and it is important to know the origin of these variations.
Although considering a time-varying GMF is straightforward, a depth-varying GMF requires nonlinear inversion of MRS measurements. We developed and successfully tested on synthetic data an algorithm for 1D inversion of MRS data, but this approach still requires practical verification. We propose a simple procedure for measuring and interpretation of MRS data, considering possible variations in the earth's magnetic field. 
